Let G be a group. It is obvious that if G has an infinite cyclic quotient, then G has a nontrivial action on the real line by orientation-preserving homeomorphisms. The converse is not true in general, but, using an idea of E.Ghys, we prove that the converse does hold for all finitely generated, amenable groups. The proof is surprisingly easy, and combines elementary results from group theory, topology, and the theory of dynamical systems. 
Theory of noncommutative dynamical systems
Given: group G, (connected) We show G Z.
Outline of Proof (4 easy steps, plus one fact).
1
G has a left-invariant order. Step 1: G has a left-invariant order
Hint: orientation-pres: Step 2: idea of Étienne Ghys
We know: G has a left-invariant order.
This is an action by homeomorphisms.
Proof. Step 3: Amenability
We know: G acts continuously on O.
G amenable ⇒ ∃ G-invariant probability measure on O.
Step 4: Poincaré Recurrence Theorem ∀g ∈ G, a.e. ≺ is recurrent for g: Step 5: construct G Z
We know: ∃ recurrent left-invariant order on G.
Proposition (classical)
G has bi-invariant order
s with a fixed point} is subgrp (normal)
Suppose a fixes x, b fixes y, not x.
⇒ G/N acts on R, no element has a fixed point. G/N acts on R, no element has a fixed point.
Proposition (Hölder, 1901) G acts on R, no el't has a fixed pt ⇒ G abelian.
Proof.
Fix a e. We may assume a(
Then ϕ is a homomorphism G R. Recall: G amenable, f.g., acts on R ⇒ G Z.
Conjecture (Linnell)
Can replace amenable with no free subgroups.
Definition
Say G is a Poincaré-Recurrence group if: ∀ (continuous) action of G on compact, metric X, ∃x ∈ X, x is recurrent for all cyclic subgroups of G. 
